Abstract. In [I-S2], we gave an explicit form of zeta functions associated to the space of symmetric matrices. In this paper, the case of L-functions is treated. In the case of definite symmetric matrices, we show the ratinality of special values of these L-functions.
Introduction
This is the third part of the series of our papers [I-S2] on zeta functions associated to the space of symmetric matrices. In the first part, we gave an explicit form of zeta functions, and in the second part, we discussed some analytic properties of them. The purpose of this paper is to give an explicit form of L-functions associated to that space.
For this space, two kinds of L-functions have been introduced by Sato [Sa2] , Hashimoto, one of the author [Sail] , and by Arakawa [A] .
The first ones are associated to Dirichlet characters, and were introduced as L-functions of the prehomogeneous vector space of symmetric matrices. The others are associated to a symmetric matrix with coefficients in a finite field and appeared in the calculation of the contribution of unipotent elements to the trace of some operators on the space of Siegel cusp forms.
There exists a close relation between these two kinds of L-functions. In fact, the second ones can be written by the first ones by means of the Gauss sums defined in Saito [Sail] . Between these two kinds of L-functions, the first ones are easy to treat. For example, the analytic continuation and the functional equations of L-functions of the first kind were proved in [Sa2] , [Sail] , [Sai2] . Furthermore our procedure of the computation of zeta 150 T. IBUKIYAMA AND H. SAITO functions in the first part can be easily applied to the case of L-functions of the first kind. The second kind of L-functions seem to have a rather complicated form. For simplicity, we assume n > 3 in this paper.
In §1, we give the definition of the two kinds of L-functions. Recalling the definition of the Gauss sums in [Sail] , we describe the relation between these two kinds of L-functions. We introduce one more matrix-valued Gauss sum and prove a result on it, which is a complement to the results in [Sail] .
In §2, we give an explicit form of L-functions assuming the result on orbital local series proved in §3. These results contain a generalization of [I-Sl] .
In the case of positive definite matrices, using these explicit forms, we prove the rationality of the values of the L-fucntions at non-positive integers.
In §3, we determine orbital local series for L-functions and complete the proof of theorems in §2. §1. L-functions and Gauss sums For a ring R, we denote by S n (R) the set of symmetric matrices of degree n with coefficients in R. For a positive integer n, let L n (resp. L*) be the lattice in S n (Q) consisiting of integral (resp. half-integral) symmetric matices of degree n, and Ln (resp. L n ^) its subset consisting of elements with signature (i,n -i). Then SL n (Z) acts on L n and L n by g -x = gx ι g for g G SL n (Z) and x G X n , L n . We define some functions on L n or Z*, which we call characters in this paper. First, we consider characters defined modulo p v for an odd prime p and then those modulo 2 V '. Lastly, we consider general ones. For a prime p and a positive integer v, we set R p^υ -Z/p ι 'Z.
Let p be an odd prime, and let φ be a Dirichlet character with the conductor
Let χ p and χo be the quadratic character and the trivial one modulo p respectively. For ψ = χ p or χo an d and integer r with 1 < r < n, we define
and det x' φ 0. The above definition is independent of the choice of x!. For r = n, the above two definitions are identical. For r -0, we set if τank{x) = 0, otherwise.
When it is necessary to indicate the prime p, we write XQ^ instead of XQ . Let p = 2, and let φ and χo = χo,2 be as above. For x G L n and r, 0 < r < n, we define φ^ and XQ ^ in the same way as in the case of p odd. For x G L^, let Q x be the quadratic form in £i,t2? '' >*π associated to x. Then Q x mod p is equivalent to one of for r odd, for r even. We define for r even, 2 < r < n, and xGL* 1 if ζ)χ mod p is equivalent to (1.1), ifQx mod p is equivalent to (1.2), otherwise.
For r = 0, we define Xp (x) -1 if x G 2L*, and χ£ (#) = 0 otherwise. We consider general characters. Let JVi, Λ^2, -/V3 be three positive square-free integers coprime to each other. For an odd prime p \ iVi, choose a character </? p defined modulo a power of p with φ^φ χ §. When 2 | ΛΓi, we choose a non-trivial character ψ2 defined modulo a power of 2. For each p I N2 and p\ N^^we choose integers r p , 0 < r p < n. Let Λ^2 an( i ^2 be the product of primes p dividing N2 such that r p is odd or even respectively. We define N£, Nξ similarly. For L n , we assume (2,^) = 1. For x G L n , we define We give the definition of another kind of L-functions introduced by Arakawa. Let p be an odd prime. For a G R and a positive integer ra, we set e m (α) = exp(2πα\/^ϊ/ra). For S G S n (R p^) and xGL*, set where y is extended over all y G S n (R p^ι ) which are equivalent to S. Here we understand e p (tτ(z)) = e p (tr(z)) for 2 G S n (R p^) with 2 (G *ί? n (2)) mod
for L -L n , L^. This series converges absolutely also for Re(s) > Ώû nless n -2 and i = 1.
To describe the relation between these L-functions, we recall the Gauss sums introduced in [Sail] . For 77 = χ p , or χo, and x G S n (R p ,ι) of rank r, we define For two integers r, t such that 0 < r, £ < n and rΞί mod 2, we define
as follows. When r = t = 1 mod 2, we set
where x is an element of S n (Rp^ι) of rank t. Then by Cor. 1.2 of [Sail] , this is independent of the choice of x (denoted by W™(i,j) with r = 2% -1, £ = 2j -1 in [Sail] ). When both of r and t are even, we set for x G S n (R p^ι ) with rank x -t. This is also independent of the choice of x by Cor. 1.14 of [Sail] (The proof of Cor. 1.14 there is incomplete in the case where n is even and rankx = t = n. But this case can be deduced easily from Prop. 1.12 of [Sail] .). Let G(χ p ) be the usual Gauss sum for χ p . In these notations, we can prove PROPOSITION 1.1. Let p be an odd prime and let x G S n (R p^ι ). Here we understand that Xp (x) = 0 for m > n when n is even, and O n is the zero matrix of degree n.
Proof. These assertions follow easily from Cor. 1.2, Cor. 1.14, Prop. 1.13, Prop. 1.11 and Prop. 1.12 of [Sail] .
This shows that the L-functions ζi(s,L,S) can be written as linear combinations of &(s, L, χ). For example, if the rank r of S is odd, then by (1) of Prop. 1.1. and (1.4) we have
We can prove a similar formula for S of rank r even by (2) of Prop. 1.1.
Hence the rationality of special values of ζi(s,L,S) follows from that of ζi(s,L,ψ).
Here we insert a result on Gauss sums, which is a complement to Th. 1.15 and Cor. 1.17 of [Sai] 
, which is independent of the choice of x, and the Gauss sum We define one more matrix-valued Gauss sum
where Proof. We give a proof only for the case n odd, since the other case can be treated in the same way. Then the (i,j) component of the product of matrices on the left hand side is equal to (1.5) ]Γ W5_ 2 ( P P k=l where x,y G S n (R p^ι ) of rank 2k -2, 2j -2 respectively. Using the fact that (cf. Prop. 1.13 of [Sail] )
-P where w runs through all elements of S n (R p^) of rank 2% -2. Here we used the fact that the rank of y is even. This completes the proof. §2.
Explicit form of L-functions
In this section, we give an explicit form of L-functions assuming the results in §3 and discuss the rationality of the values of L-functions at nonpositive integers. As for the calculation of the L-functions, we follow the procedure of [I-S2] , and only give an outline.
Let N u ΛΓ 2 , N 3 and ^ be as in §1. We set φ v = φ^\ χ^\ or χ^} according to whether p divides 7Vχ, iV2, or TVβ, and extend ψ p to S n (R p^) for a large v and to S n (Z p ) naturally. For p prime to Λ/ΊΛΓ 2 ΛΓ 3 , let ψ p be the characteristic functions of S n (R p^) or S n (Z p 
(R P)V ).
If 2 I ΛΓf, we set <ψ;(χ) = χf v \x) = xf P \y) for x E S n (i^) e or S n (Z p ) e taking I/GL; such that 2y = x mod p". When (2, Nξ) = 1, let ^* be the characteristic function of S n (R p^) or S n (Z p Here υ is the additive valuation of Z p such that v(p) = 1, and Rp,v) e for p = 2).
For ω = i or ε, and d G Z, d φ 0, we define
Then by SiegeΓs formula and the invariance of ψ in a genus, in the same way as Prop. 2.2 of [I-S] , we obtain
As in the case of zeta-functions, our L-functions depends only on δ and e, and we set
To sum up the above quantities, we introduce another local data and some power series. Let n = n\ + n 2 + + n m be a partition of n into m positive integers. We denote this by {rii} and call m the length of {rii}. where {WJ} runs through all partitions of n and {ij} runs through all sequences associated to {rii} satisfying 0 < t\. In the case n is even, define 
Π Π M(Π^) Π
From this we easily obtain our formula. The case of ω = ε can be treated in the same way, and will be omitted.
From this theorem, we can deduce the following result on the rationality of the values at non-positive integers of L-functions. Now we turn to the case of n even. We introduce more notations. For a quadratic field if, we denote by dx the discriminant of K and for K -Q 0 ζ), we set dx = 1. For a quadratic field if, we denote by \κ the Dirichlet character corresponging to if, and for if = Q@ Q by xx the trivial character. (u,ψp,Lp,dκ) 
ΛΓ| for L = L*, we define ^(ω. i/Ί, ι>2,K) in the same way as above taking Z* t0 (u,φ^, L 2 (u,ψ 2 ,ί2,do) , [ϊ\ Z nie (u,ip2,i-2,d,o) . Using these functions, we define
and the Dirichlet series by
Here K runs through quadratic fields or Qθ Q such that (-l) n / 2 δdχ > 0, and d' κ = dκ/(dκ,4). In the above definition, we understand ψ 2 χκ as a character modulo Nιdχ.
Next we introduce notations necessary to describe the ε-part of the L-function. We set 
Then the series (2.1) is the sum of these series over K such that (d,κ, N\) = 1 and {-l) n / 2 δdκ > 0. Since cί^: is fixed, we see as in the case of n odd
Then we see n/2-l x From this we obtain our result for i. x 2(2τr)-n (n/2 -l)\LΔ , ψ, ε)
This completes the proof. The case of L n can be treated in the same way and will be omitted. We give a special case of the above result as a corollary, which is a generalization of Th. 1 of [I-Sl] . This is a generalization of Th. 2 of [A] . The case of n = 2 can be treated by the functional equation in [Sai2] . §3. Orbital local series
In this section, we determine the orbital local series for L-fuctions and comopletes our calculation. Throughout this section, we fix a prime p and sometimes we abbreviate the suffix p, for example, R p^ = R y , φ^n> = ψp .
For non-negative integers 772, n, and d G Z p , and indeterminates C/, g, we set { 0 if n is odd,
For an integer r, 0 < r < n we define a polynomial C r (u) in -u bŷ
We recall some formal power series introduced in [I-S2] . Here \τii\ runs through all partitions of n, even ones in Y (u, t) and {U} runs through all sequences associated to {n^} with t\ > 1, satisfying t^ = 0 mod 2 for n^ odd in the latter two cases. for {n^} even. This shows Z n {u,χ£\ε,do) = (p-2 )
x (((-l)
